ISTANBUL MANUSCRIPTS OF
AL-KHWARIZMT'S TREATISES

A.A. AHMEDOV, J. AD-DABBAGH, B.A. ROSENFELD*

The existence of istanbul manuscripts of two astronomical
treatises of Al-Khwérizmi (a 783-a 850) was pointed out for the
first time by F. Sezgin in the sixth volime of his “ Geschichte des ara-
bischen Schrifttums” [1, p. 143); enumerating the manuscripts of
Al-Khvvarizmfs astronomical wvorks F. Sezgin mentioned the manu-
script of “Witty ideas in the actions of Muhammad ibn M(sa al-Khwa-
rizmi: the determination of the azimuth using the astrolabe” and
“The construction of hours on the plane sundial by Muhammad ibn
M0séa al-Khvvarizmi” in the codex of the Sileymaniye Liberary
of istanbul, registered under Ayasofya No. 4830, f. 198b-199b and
f. 23ib-235a. One of the co-authors of this article J. ad-Dabbagh
in 1983 recopied these two treatises, translated them into Russian
and published them wvvith commentaries in [2, p. 216-234].

§ 1. Codex Ayasofya 4830

The codex No. 4830 of Ayasofya Library was studied by M.
Krause in [3] and Y. Dold-Samplonius in [4]. This codex contains
numerous unique manuscripts: the Arabic translation of “Book on
the section of a line in a given ratio” of Apollonius (f. 2a-52b), three
mathematical treatises of the famous philosopher Al-Kindi “Book
on the supreme art”, “Treatise on the determination of thought of
numbers” and a treatise on the determination of distances to inaccessi-
ble objects (see [5, vol. 2, p. 67]) (f. 53a-86b, 204b-2iob), an anonymous
treatise on geometric algebra (f. 86b-8ga), “ The Book of Assumptions”
of Agatun, published wvith English translation in [4] (f. 89b-102b),
a part of the “Spherics” of Theodosius (f. 102b), an anonymous
treatise on the theory of numbers (f. 103a-108b), the treatise of Thabit
ibn Qurra on amicable numbers, translated into Russian by G. P.
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Matvievskaya from another manuscript [6] (see [5, vol. 2, p. 86-87])
(f. noa-i2ib), eight mathematical, astronomical and logical treatises
of Ahmad ibn as-Suréd (see [5, vol. 2, p. 332-334]) (f. i22b-160a),
eight geometrical treatises of Wijan al-Kahi (see [5, vol. 2, p. 189-
193]) (f. 161a-182a), the treatises we are going to talk about in more
detail (f. 183a-199b and 228b-235a), the treatise of Muhammad
as-Sabbah on the sundial (see [5, vol. 2, p. 59)] (f. 200a-204a), the
above-mentioned treatise of AI-Kindi on the determination of
distances to inaccessible objects and treatises of Abl Bakr ibn 'Abis,
An-Nairizi and Ar-Rayyi on the same question (see [5, vol. 2, p. 117,
257 and 296]) (f. 2iob-227b). The manuscript was copied in 1229—
1232, but the majority of treatises in it were written in the 9-10th cen-
turies the latest — the treatises of ibn as-Surd— in the first half of the
tvvelfth century. Neither Krause nor Dold-Samplonius mentioned the
treatises of Al-Khwarizm?T; Krause considers the treatises in f. 228b-
235a to be an anonymous treatise.

2. Al-Khvo&rizmVs treatises in the Codex Ayasofya 4830

The name of Al-Khwarizm1 appears only on the two treatises
mentioned above. The fact that ali the group of treatises that are
in f. 182a-199b and f. 228b-235a of this codex belongs to Al-Khwéarizm1
was established by D. A. King [7] on the basis of closeness of the
language and the topics studied in these treatises, to which it should
be added such a distinctive feature for the time of Al-Khwarizm?1
as the value of the “the complete sine” (the radius of the trigono-
metric circle) equal to 150 which was borrowed from Brahmagupta
(a similar thing exists in the Berlin manuscript of Al-Khwarizmik
treatises MS No. 5793 of the Library Preussischer Kulturbesitz (West
Berlin) which contains treatises or parts of treatises of Al-Khwéarizm1
on the construction of astrolabe, on the use of astrolabes, on the
sundial, and on the sine quadrant, from which the name of Al-Khwa-
rizm1 was written only in the treatise on the use of astrolabes, published
in German translation by J. Frank [8] and in Russian translation
by G. P. Matvievskaya [9, p. 255-266]—see [7, p. 23-31] and [2,
P- 151-154]-

D. A. King established as well the fact that the manuscript
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p. 12-13] also was vvritten by Al-Khwarizmi. He found a textual coin-
cidence between this anonymous treatise and the istanbul manuscript
of Al-Khwarizmi on the determination of the gibla. The Tashkent
manuscript was copied about 1250.

The manuscript of the Ayasofya Library, as well as the Berlin
manuscript, is divided into “chapters” of different lenghts. Following
J. Frank in this publication of the Berlin manuscript we give a number
to each of these chapters.

The first 19 chapters concern the determination of the azimuth
of the sunrise (rising amplitude) in a given day and the determination
of the azimuth of the Sun at a given instant. As we mentioned above,
the text of AlI-Khwarizmi’s treatises is placed on f. 183a-199b and on
f. 228b-235a of codex No. 4830 of the Ayasofya Library. Hovvever,
chapters 1 and 2 and the beginning of chapter 3 are placed on f.
228a, while the end of chapter 3 and the following chapters are on
f. 183a and the following folios. Chapter 1 is entitled: “The determi-
nation of the azimuth of the sunrise at any city according to what
Ptolemy had done for the diameter of the celestial sphere to be equal
to 120 degrees.” The follovving chapters are: (2) “The determination
of azimuth from altitude for the Southern zodiacal signs” (f. 228b),
(3 “The determination of the azimuths for the northern zodiacal
signs” (f. 228b, 183a), (4) “The determination of the operation with
the azimuth, the shadovv, and the altitude” (f. 183a-183b), (5) “The
determination of altitude from the equal as well as the temporal
hours” (f. 183b), (6) “The determination of the azimuth” (f. 183b),
(7) “Also the determination of the azimuth” (f. 183b-184a), (8) “The
determination of the azimuth for every hour and every city® (f. 184a),
(9) “The determination of the azimuth ofsunrise of any city” (f. 184a),
(10) “Another chapter [on this topic]” (f. 184a), (11) “Another
chapter [on this topic]” (f. 184a), (12) “Another chapter [on this
topic]” (f. 184a), (13) “The determination of the azimuth for the
altitude of given magnitude” (f. 184a-184b), (14) “The procedure
of determining the azimuth by another method” (f. 184b), (15) “The
procedure of determining the azimuth of the sunrise” (f. 184b), (16)
“The description of determining the azimuth from the ascendent”
(f. 184Db), (17) “The detennination of the azimuth of any hour you need
for any degree you wish from ali zodiacal signs” (f. 184b-185b),
(18) “The construction of the hours by the azimuth” (f. 185b-!86a),
(19) *Also the construction of the altitude for the hours” (f. 196a).
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The following six chapters concern, mainly, the determination
of the azimuth of the gibla. These are: (20) “The determination
of the direction of the gibla in any city you wvish” (f. 186a-186b),
(21) “The determination of the meridian line” (f. 186b), (22) “The
determination of the qibla also for any latitude” (f. 187a), (23)
“Another chapter on the determination of the gibla” (f. 187a-187b),
(24) “One more short chapter on the determination of the gibla”
(f. 187b), (25) “The determination of the azimuth of the gibla from
the table” (f. 187b-188a). After the table of chapter 25 follows
chapter 26 which contains “A table of shadows and inclinations”
(f. 188b).

The chapters 27-31 are devoted to the description of different
clock instructions: (27) “The construction of the binkans, i.e., the
troughs, or the tubs for the measurement of hours, equal as well
as temporal” (f. 189a-190a), (28) “The construction of the binkan
that shoots pebbles” (f. 190a-190b), (29) “The construction of the
horary lifting vvheel” (f. 1g1a-i92a), (30) “The construction of the
conical sundial for the [determination of] hours” (f. 192a), (31)
“Qperating with the [ritual] sundial [that is called] mikriasa” (f. 193a).

Then follovws chapter 32 “Geometrical construction of the
azimuth of sunrise you wish for [any] zodiacal sign in the latitute
you wish” (f. 193b). The following three chapters are devoted to the
determination of latitudes and longitudes of cities: these are (33)
“The determination of the latitude of a city” (f. 193b-194a), (34)
“The geometrical determination of the latitude of a city”, (f. 194a)
(35) “Cities situated in ali climates” (atable oflongitudes and latitudes
of 163 cities) (f. 194b-196b).

The next three chapters are again devoted to the description
of astronomical and mathematical instruments: (36) *“Operating
with a horary quadrant” (f. igéb-"a), (37) “Pair of compasses for a
camp” (f. 1g7a-i97b), (38) “A board for determining the [lunar]
edipse vvithout the appropriate instruments” (f. 198a). After that
follovvs (39) “Witty ideas in the construction of Muhammad ibn M0sa
al-Khvvéarizmi: the determination of the azimuth using the astro-
labe” (f. 198b-199a) and (40) “The determination of the latitudes
of climates” (f. 199a-199b).

The last 19 chapters (the beginning of the first of them is not
there) are devoted to the measurement of time. These are: (41) The
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determination of “times of prayers from the table” (f. 22ga-229b),
(42) The determination of “the midday altitude in any day for any
latitude” (f. 229b), (43) The determination of “the surplus of the
day” from the table (f. 229b), (44) Determining “when [the Sun]
is in the zenith” (f. 229b), (45) Determining “wvvhen [the Sun] is for
the second time in the zenith” (f. 229b), (46) The determination of
“the shadow of the hour you wish wvith the aid ofa gnomon” (f. 229b-
230a), (47) “The determination of shadows for the times [of prayers]”
(f. 230a), (48) “[The determination of the midday] altitude in any
day and any latitude” (f. 230a), (49) “More about the altitude in
any day and the time of casr and cuhr” (f. 230b), (50) “The midday
altitude for the latitude 34 degrees from the verified inclination”
(a table) (f. 230b), (51) “The altitude for the latitude 33 degrees”
(a table) (f. 231a), (52) “The construction of the hours in the plane
of the sundial by Muhammad ibn Mdsa al-Khwarizmi” (f. 231b),
(53) “This sundial— a sundial for Baghdad [in which the shadows
and the azimuths appear] every one sixth [of every hour for the be-
ginnings of ali zodiacal signs”] (a table) (f. 23ib-232b), (54) Tables
of the first and the last azimuths of the time of lagr for the beginnings
of Capricorn, Aries, and Cancer and the first and the last shadovvs
of asr (f. 232b), (55) “The sundial for the latitudes 15, 18, 21, 24,
27>3°, 33) 36, 38, 40" (a table of the altitudes, azimuths, and shadows
for the hours 1, 2, 3, 4, 5, 6 for the signs Cancer and Capricorn)
(f. 233a-234a), (56) “The sundial for Surra man Ra’'d (Samarra)
[the latitude] 34” (a table of the azimuths and shadows every half
an hour for the same zodiacal signs) (f. 234a), (58) “The sundial for
the place which has no latitude, i.e., for the equator” (f. 234a-234b),
(59) “The construction of the sundial by geometric method for any
latitude” (f. 234b-235a).

Chapters 39-40 and 52-59 were published in [2]. As we see
the majority of chapters are devoted to two problems: The determin-
ation of the azimuth of some direetions and the determination of
time.

The Tashkent manuscript is entitled: “The determination of
the direetion of the azimuth of the gibla in any city that you
wish” (Maarifat tagwim samt al-gibla f7 ayyi balad shi'ta). This
manuscript consists of five chapters, the last four of which coincide
with chapters 22-25 °f ~e istanbul manuscript.
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§ 3. Treatise on the determination of the gibla

First of ali let us consider some chapters of these treatises con-
cerning the determination of azimuths. Azimuth (samt, literally
“direction”) is the angle betvveen the direction ofa certain point on the
horizontal plane and some initial direction (the origin of the word “azi-
muth” is the Arabic word as-sumit — the plural of as-samt). The azi-
muth of a celestial body or a point of the celestial sphere is the azimuth
of the orthogonal projection of this point on the plane of the horizon,
the azimuth of a celestial body with its altitude — the angle between
the direction of this body and the plane of the horizon — form one of
the spherical coordinates on the celestial sphere, in which the circle
of the horizon stands for the equator and the zenith and nadir for
the poles. The gibla is the direction of Mecca— the main holy place
of the Muslims. The knovvledge of the direction of the gibla was
necessary in the building of mosques since Miuslim worshippers
should face Mecca when they pray; therefore the determination
of the azimuth of the gibla was one of the important practical prob-
lems in Muslim countries. The azimuth of the gibla for a given city
means the angle between the direction to Mecca and the direction
of the meridian in this city. The azimuth of sunrise or rising (ortive
amplitude, siat al-mashrig) means the arc of the horizon circle from
the east point to the point of sunrise in the given day. In ali cases,
the problems of determining the azimuths can be solved by means
of spherical trigonometry.

In chapter 20 of the istanbul manuscript and chapter 1 of the
Tashkent manuscript approximate methods of determining the azi-
muth of the gibla are given. At first two cases in which the latitudes
or the longitudes of the given city X and Mecca M are equal are
considered. In these cases Al-KhwarizmT takes as the direction of the
gibla respectively the direction of east-west and north-south. The
second ofthese rules is exact but the first one is rough and approximate.
Then an approximate construction of the zenith of Mecca on the
celestial sphere of the given city is suggested: find the difference
~x-"m of these cities and subtract it from half of the day arc for the day
corresponding to 40 of Gemini, i.e., approximately to the day in
vvhich the sun in Mecca is in the zenith. Take the difference you get
as the altitude by wvhich you determine the azimuth according to
what was described in the previous chapters. In the Tashkent manusc-
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ript an other approximate representation of the city M is dravvn by
the latitudes and longitudes of the cities X and M in a circle with
center at X where the direction of the line XM is taken as the direction
of the gibla. We give here the trigonometric solution of this problem
in chapter 22 of the istanbul manuscript and in chapter 2 of the
Tashkent manuscript. Here is the Arabic passage :

J W' ilal
Wi N i K39 C Jjy gt jfj U >u
AN i 41 (j 4j+ali . <Jdll +— L tljjl Ji
~ fet* 3 (j* (3 | -i-l =35\ ¢ adijis-li 9j-i>- -1>«i Li . *~ku
CJIT 6l» . J'jjil Ja>- f iXA iJ\i Joj i ji\ r fius-lj
iU JI INH\ P> jf- iU; Ji* ju» &£. je- Zjji- Ndhj-u
C-NS1j - ij\jjl da<g. (i Cj! Mdld oy C—
Vjl Gi*> iyl

its English translation is as follovvs :

(22) “The determination of the gibla also for any latitude. Take
[the difference] betvveen the latitude of Mecca and the latitude of
the city in vvhich you are, take its sine, multiply it by itself and keep
it in mind. Then take the difference betvveen the longitudes of Mecca
and your city, take its sine multiply it by the sine of the complement of
the latitude of Mecca and divide this by 150. The thing you get is
‘the corrected sine/ Multiply it by itself and add it to that produet
by itselfvwhich you kept in mind. Extract the root of the sum and keep
it in mind. After that multiply the ‘corrected sine5 by the greatest
sine and divide it by the root. Take the arc of the quotient and keep
it in mind. Then dravv an Indian circle in the mosque that you vvant
[to build] and determine the meridian line. If your city is to the
west of Mecca, cut off what is equal to this arc to the south of the
meridian line to the east direction. The place vvhere the arc rcaches
will be the place of the gibla wvith respect to the gnomon in the middle
of the circle. If your city is to the east of Mecca, cut off the arc in the
wvest direction and act in the same vvay as in the beginning.” (F. 187a).
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If we denote Mecca, the given city, and the north pole of the
earth, by M, X, and JV, respectively; then the azimuth of the gibla
is the angle NXM in the spherical triangle NXM (fig. i). “The cor-
rected sine” (al-jaib al-mu'addal)— the result of the “correction” ofthe
sine line, Sin (Xx-"m) = R sin (Xx-Xm), i.e., its product by ospMR
is “the complete sine”, the radius of the Earth which is taken in
the treatise equal to 150; in the Tashkent manuscript the number
150 is replaced by the words jumlat al-jaib— “complete sine”,
coscpv/ is Cos$n!R: this multiplier indicates the number that must
be multiplied by the linear dimensions of the great circle of the terres-
trial globe in order to get the corresponding linear dimensions of the
parallel of Mecca. The method given here is based on plane trigono-
metry, i.e., it is assumed that the part of the terrestrial surface, with
the cities M and X is plane. The arc MY of the parallel of Mecca is
identified with *the corrected sine”

N

«0*

Fig. 1

~nr = (Sin [\y-"a/] Cosism) /R
(in its computation the sphericity of the surface of the earth is taken
into account). The arc XT is identified with sine line
Sin (@\—A), and the hypotenuse %/ Sin2 (@A) + Sin2n
of the right angled triangle with legs M T and XT is taken for the arc
MX. Further, in the triangle MXT, taken as a right triangle with
straight sides, the sine of the angle A is found by the formula
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Sind = (MT/MX) .R. “The Indian circle” found by Indians for de-
termining the meridian line (“midday Gne”) is a circle drawn on the
horizontal plane with vertical gnomon in the centre: the meridian
line joins the centre of the circle with the midpoint of its arc
joining the points of intersection with the line described by the end of
the shadow of the gnomon.

In chapter 25 of the istanbul manuscript and chapter 5 of the
Tashkent manuscript there is a table with 20 columns and 20 rows
on each of which the numbers 1 to 20 are marked the numbers 1,

2, . .20 above the columns denote the differences of latitudes
<<Rn  (above these numbers the world “latitude” is written),
the numbers 1,2, ...., 20 on the right side of the rows denote the

differences of longitudes Xx~"m (above these numbers from up to
down the word “longitude” is written), in the squares at the inter-
section of columns and rows corresponding to these differences,
the azimuth A of the gibla in these differences 97-9m and Xx-Xm is
indicated. We note that a table very similar to this is given in the
manuscript of the library Taymur in Cairo No. 103/2 (f. 10ia-i02a)
under the title “Table of twenty (al-jadwal al-ashrini’) of AbG Ja'far
Muhammad ibn Midsa al-Khwarizmi”, this gives an additional
argument for ascribing this treatise to Al-Khwéarizmi. There is a
similar table in a z7j in the MS No. 9116 of the British Library (Lon-
don), vvritten in Yemen in the i3th c. [7, p. 15-16].

The determination of the azimuth of the qibla by applying
spherical trigonometry to the spherical triangle M XN is carried
out in “The book on the use as astrolabe” of Abdu’r-Rahman as-Sofi
(1oth c.) [10, p. 297-298] and in “al-Qanin al-Mas'0di” of Al-BirdnT
[11, p. 425-427].

8 4. The first treatise on the determination of the rising amplitude

Chapter 1 “The determination of the azimuth of the sunrise
in any city” begins as follovvs. Here is the Arabic passage :

.. ( 4yw
i A Ao j Casi’ M tali

ijoil dJij ~l f1
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its English translation is as follows :

“1f you want to determine this take one fourth of the diameter,
this is 15 [degrees], and multiply this by itseli. Multiply the degrees
of declination taken as a whole by themselves. Then add these and ex-
tract the roots of this sum. The thing you get is the azimuth of the sunri-
se of this city.” (F. 228b). If we denote the celestial equator by EF, and
the circle of the horizon by ES(fig. 2), thenthe point of the sunrise
is the point E of intersection of these two circles. If the Sun on the
given day is at the point S of the day circle which is at a spherical
distance 5 from the celestial equator (the arc 5 is called the declina-
tion of the Sun), then the azimuth of the sunrise O is the hypotenuse
of the right angled spherical triangle ESE with right angle F; the
leg SF of this triangle is equal to the declination 8, and the angle
E is equal to the complement of the latitude < of the given city to
90°. Therefore, by virtue of the spherical sine theorem

Fig. 2
Sini/R  Sini/Cos @ ()]
ie.,
SinQ = R (SiriS/Cosy). ()

In the title of the chapter Al-Khwarizmi refers to Ptolemy.
The problem of determining the azimuth of the sunrise for the day
of the solstice wlien the declination 5 of the Sun is equal to the maximal
declination, i.e., to the angle betvveen the ecliptic and the celestial
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equator was solved by Plolcmy in chapter 3 of Book Il of the “Alma-
gest” [12, p. 65), where he gives a rule equivalent to the formula (1).
Al-Khwarizm?1 uses here the division of the radius into 60 parts that
had been used by Ptolemy (he mentions this in the title of the treatise,
since he usually uses the division of the radius into 150 parts): Al-
KhwarizmT calls here the 6oth parts of the radius “degrees”. In the
above mentioned problem Al-Khwarizmfi, as well as Ptolemy, finds
the azimuth of the sunrise for the day solstice, i.e. for 5= e. In this
case he considers the triangle ESF as a plane triangle, and the latitude
of the city equal to the latitude of Baghdad (p « 33°. Therefore,

go°-(p a 570 EF x SF/tan a 24/1,6 = 15; that is the reason
why Al-Khwarizm1 considers this leg equal to 15 “degrees”. Al-Kh-
vvarizmi defines the azimuth of the sunrise O as the hypotenuse ES of

the plane triangle ESF, i.e., by the formula 0= V EF2+ S2-

After that Al-Khwarizmi solves the same problem for each
zodiacal sign, i.e. for any month. In the case when the Sun is in the
ecliptic with ecliptical longitude X, it follows from the spherical sine
theorem for the right angled spherical triangle YSF (fig. 3) that

Fig- 3

Sinl/R = SinU/Sine

Al-Khwérizm1 approximates the ratio SinS/Sins replacing it
by the ratio 8/e and considers Sirik = R{5/e). In this case he takes
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the hypotenuse ES, of the triangle ESIF1 with a leg S1F1 equal to
5 as the azimuth of the sunrise (fig. 4). Therefore

Fig. i,

OX= ES1= ES{S/e) « QSin (X/R),
here Al-khwarizmi assumes R = 150.
8§ 5. Treatise in the determination of the azimuth of the Sun
In chapter 2 Al-Khwarizmi finds the azimuth from the alti-
tude of the sun, and in solving this problem he uses not plane but
spherical trigonometry. We produce the rule of Al-Khwarizmi for
the south zodical signs. Here is the Arabic passage :

~

Al jijt*

¢ jIStiils g i wivj Oijl !
W m  Nilg.JN li . 1
. BN =] ¥ -1
GV i1 i T-rN e JJF . He
i JN J

its English translation is a follows :

“1f you want [to find] this, take the altitude and subract from
ninety, then turn the remaining into sine. The thing you get is the
sine of the complement of the altitude. Divide the complete sine by
it, the thing you get is the ‘first base.5Then divide the sine of the
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latitude of the city you are in by the sine of the complement [ofit].
Multiply the thing you get by the sine of the altitude for vvhich you
find the azimuth, the thing you get is the ‘second base.5 Add to this
the sine of the azimuth of rising of the zodiacal sign or the degree.
Multiply the sum by the ‘first base5 the thing you get is the sine
of the complement of the azimuth.” (F. 182b).

For solving the same problem for the north zodiacal signs Al-
Khvvarizm? recommends in chapter 3 to find the same “first and
second bases” for the cases of south zodical signs. Here is the Arabic
passage :

ityu
* (jui ¢ A
t il i N4 1 igir
~Uj I Ol .C——1' A N A A A 14
t | OLTti n
e~ wy t(
C=Jii t— A5l

In English the passage reads as follovws (leaving out the first
sentence):

After that — Al-KhvvarizmT vvrites — “take the ‘second base5and
subtract it from the sine of azimuth of sunrise; if the ‘second base*
is greater than the azimuth. Then substract the sine of azimuth.
Multiple the difference by the ‘first base’ and take the arc of the
product, you get the [south] azimuth. ... If the ‘second base’
is exactly equal to the sine of the azimuth of the sunrise, then
the azimuth is on the east-vvest line. If the ‘second base’ is smaller
than the azimuth of the sunrise, then the azimuth is northern.” (F.
182b-183a).

If we consider the spherical triangle of the celestial sphere the
vertices of vwhich are the Sun S in one of the south zodiacal signs,
i.e., on the arc of the ecliptic from the beginning of Libra up to the
beginning of Aries, the north pole of the vvorld P and the Zenith Z
(fig. 5), then in this triangle = 90°- 9 ££ = 90°- h, PS—90°+8
and by virtue of the spherical cosine theorem
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E OUAT OR

HORIZON

- sin8 = sinh sincp + cosh cos<p cosA
and

|cosA] = (sinA sincp + sinS) /cosh coscp.

Al-Khwéarizm1 finds Sin(go°- h) = Cosh, his “first base” is
R/Cosh = 1/cos h, his “second base” is (Sincp/Coscp) SinA = tgcp Sinh
In finding the azimuth of the sunrise O above, he found that
Sind/Costy = sM), therefore the rule of Al-Khwéarizm1 is equivalent
to the rule we mentioned above which follows from the spherical
cosine theorem.

In the case when the Sunisin one of the north zodiacal signs, i.e.
on the arc of the ecliptic from the beginning of Aries up to the be-
ginning of Libra (fig. 6), = 90°- @ %S = 90°- h, PS = 90°- 8
and by virtue of the spherical cosine theorem of cosines for the tri-
angle £PS

sin8 = sinh Siny -)- cosfi cosip CosA
and
Joos A\ = (sinS —sinh sims) /(cosh cosy)

which is equivalent of the rule of Al-KhwarizmT for this case. The
case h — o corresponds to the case when the “second base” tan<p sinA
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together with sin O coincides with sin O, the case h>0 — to the case
when tarty sinh + sM > sM and the case/z <0 — to the case
wlien tanp sinh -f sinO < sinO. In these three cases the Sun is,
respectively, on the horizon, above the horizon and below the
horizon.

A rule equivalent to the spherical cosine theorem for the triangle
ZPS was knovvn to the Indian astronomer of the 5th ¢c. Vardhamihira
[13, p. 200-201] and apparently Al-KhwéarizmT came to know
this rule from an Indian source. Apparently Thabit ibn Qurra (gth c.)
knew this rule through Al-Khwarizm1 and produced it in his “Book
on the clock instruments called sundial” [6, p. 252-266) and from
him Regiomontanus came to know it through the “Sabian z7j” of
Al-Battani. Since the Europeans knew this theorem of spherical
trigonometry through Al-Battani, this theorem is often called in
Europe “Albategnius5 theorem”.

The above given rule of Al-Khwarizmi for determining the
azimuth of the Sun from the altitude of the Sun, the latitude of the
city and the azimuth of the sunrise is only equivalent to the same
theorem of spherical trigonometry, that was equivalent to the rule
of Vardhamihira in which the altitude of the Sun is determined from
the day arc, the midday altitude of the Sun in the given day and the
hour angle at the moment for which the altitude of the Sun is deter-
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mineci; hovvever Al-Khwarizmi gives in chapter 4 the rule of
Varahamihira itself. Here is the Arabic passage :

JJallj Uy

tAjIfal ~rrri ¢ g A —
vy i>-jJ fliJjNI Ac -ir—  Arj-5jv
Jjl apL-J jlaili <S’«la Oilili . vi)-iJ S L R '~5[rA> ‘(E

CITjlj tT J \fjjtU * CHIS" jliv-V ;
li feon L »iHI oU-LMjA-i j \-jali
c 0-jj Vi £lifjl J f e ‘ Ji
TpLJI dil; ALijl 1_->- o - li jljar uhjp AN e A i

AN ja jis-li 4

its English translation is as follows :

“First of ali find halfofthe day arc, the sine ofthe midday altitude
of the degree of the Sun, the sine of the complement of the midday
altitude of the degree of the Sun on this day and the sine of the azi-
muth of the rising of the degree of the Sun in this day. If you had
found ali these, look at the hour for which you want to find its azimuth,
its altitude and its shadow. If this hour is equal, multiply it by 15,
if it is temporal, multilpy it by the parts of hours of this day. Subtract
the versed sine of the product from the versed sine of half the day
arc. The thing you get is ‘the argument5 keep it in mind. Then
multiply this ‘argumenf by the sine of the midday altitude of the
degree of the Sun. Divide the product by the versed sine of half the
day arc. The thing you get as quotient is the sine of the altitude of
this hour. Take its arc you get the altitude.” (F. 183a).

“Equal hours” — astronomical hours that are equal to 1/24 of
the day, the product of these hours by 15 is the hour angle in degrees,
since the celestial sphere rotates by 150for each “equal hour”. “Tem-
poral hours” are equal to 1/12 of daylight or night. In the medieval
East ali the civil life and the Miuslim prayers were determined in
“temporal hours”. The word “part” in the expression “parts of the
hours® means the degrees of the celestial equator, “the parts
of the hour®s— the number of degrees of the celestial equator by which
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it rotates for 1 “temporal hour”. The product of the number of “tem-
poral hours” by “the parts of the hour” is also equal to the hour angle
in degrees. “The versed sine” (in Europe sinlds-versus) for angles
a < 90° is the complement of the cosine line Cosa to R, and for
a > 90°— the sum R + Cosa to 2R, “the day arc” — the arc of
day circle of the sun above the horizon; it is equal to the number of
degrees of the celestial equator corresponding to the day-light. Since
the hour angle is counted from the meridian, therefore half of the
day arc is equal to the maximum value of the hour angle. The rule
of Vardhamihira himself can be written in our notation in the form

sinh = (sin versa—sin vers t) s> CosS.

From it we obtain the rule of Al-Khwéarizmi, if we put

sin versa = 1 + tocp tanB.
but the tangent function is not mentioned in this rule

These rules are equivalent to the spherical cosine theorem for
the same triangle £PS; and for the angle t~ £PS (not for the
angle A < PZS).

8 6. The second treatise on the determination of the rising amplitude

Al-Khwarizmi applies the rules equivalent to rules of spherical
trigonometry for solving the problem of determining the azimuth
of the sunries in chapter 32. Here is the Arabic passage :

J
i-0 »jflodl Vv, iy } AG\ 13 8 1au
jui «yljjl Ip | slai; o*; N y>_j Il -0 NE-jjin f.
lilisr-i A C N m>'* A ~ 01 PN Sl Je
ST ¢ .»ilai  44aj <olf» 40j Ja j>1cLyj T Ja>-

to i - 0 Uji; J AT Gooa_idj

e i@ M j#9:9
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its English translation is as follows :

The geometric construction of any azimuth of sunrise you wish for
any zodiacal sign in any latitude. “Draw a circle ABCD (fig. 7) and
divide its arc AD into 90° parts. From the point D on the circle lay
off the arc DG having the magnitude of the latitude of [your] city and
draw a line from this [point] G to the centre [of the circle], i.e., the li-
ne EG. Then from the point A on the circle lay off the arc AH having
the magnitude of the declination of that zodiacal sign for which you
vvant [to make] the construction. From [the end of] this [arc] draw
a line parallel to the line AE. It is the line HF, that reaches the line
BD which is a diameter. Then look where it cuts the line EG; let it be
the point M. Then take a pair of compasses with a spread ME, put
its leg in the centre point, i.e. in the point E, and find the place
where the other leg cuts the line EG. Let this be the point JV. From
the point JVraise a perpendicular reaching the arc AG, it is the perpen-
dicular QjV. From [the point 0] where [the perpendicular] reaches
count out [the arc] to the point A. The thing you get is the azimuth
of the sunrise for the zodiacal sign that you wanted.” (F. 193b).

Fig-7



ISTANBUL MANUSCRIPTS OF AL-KHWARIZMT'S TREATISES 185

for determining hours” is given. It is a conical sundial with a horizontal
gnomon in its top part. The name mukhula which literally means a
vessel for storing antimony (kuhl) can be explained by the shape
of a truncated cone of the clock which is the same shape of this vessel.
In chapter 31a description of “the operation with the sundial that
is called miknasa” is given. Here and in other places we translate
the word rukhdma which literally means marble board by the word
“sundial” . A kind of plane sundial with a vertical gnomon is described
here. The name miknasa which is from the word kanisa - “a church, a
pagan temple” points out the ritual meaning of this sundial. In chap-
ter 36 a description of the operations with the horary quadrant
is given. On one of the rectilinear sides of the quadrant two diopters
are placed by the aid of which this side is directed to the Sun, in this
case the thread with a load that is fixed in the centre of the quadrant
cuts on its round side an arc equal to the altitude of the Sun and
intersects an arc concentric with this side and corresponding to the
month in a point on the hour line t = constant that corresponds to the
hour of observation. In chapters 52-59 the construction of the hour
lines on the ordinary horizontal sundial with vertical gnomon is
described. The tables concerning the sundial show the polar coordi-
nates i.e., “the shadow” and “the azimuth” of the endpoint of the
shadow of the gnomon on the plane of the sundial as a function of the
time t of the day and the ecliptic longitude X of the Sun that corre-
sponds to different zodiacal signs (months). The lines1 = constant are
arcs of a hyperbola (for the equinoctial days — straight line segments),
Al-Khwarizm1 consideres the line t = constant “hour lines” straight.
More detailed tables are given for the latitudes 330 (Baghdad) and
340 (Samarra).
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